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Exercise 1

EINSTITUTESE
EDUCATION

1. Express each of the following in surd form, without using a calculator.

(a) sin75° =sin(30 + 45)
sin(A+ B) =sinAcosB + cos AsinB
sin(30 + 45) = sin 30 cos 45 + cos 30 sin 45

w3+ @@

(b) cos105° = cos(60 + 45)
cos(A+ B) = cosAcosB —sinAsinB
cos(60 + 45) = cos 60 cos 45 — sin 60 sin 45

oo Q) -2 3

=57 -
V62 _V2-V6
T4 T4
(c) tan75° = tan(45 +30) (d) cos 15° = cos(60 — 45)
tan A+ tan B = o
tan(A+ B) = an an cos(A — B) = cosAcosB + sinAsinB

1-tanAtan B

tan 45+ tan 30
1-tan45tan 30

tan(45 + 30) =

1
1+ =

tan15° =——>3~
an 1_1(\/%)

cos(60 — 45) = cos 60 cos 45 + sin 60 sin 45

ws15=(3) () + (5) (7)
1+v/3
22

_Ve+v2

T4
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(e) tan105°

tan A+ tan B
tan(A+B) = ———
1-tanAtanB

tan 60+ tan 45
tan(60 + 45) =

1-tan60tan 45

V3+1
1-v3(1)

_\/§+1
SPEN

=-2-+v3

tan 105° =

(f) sin165°
sin(A—B) =sinAcosB — cos AsinB
sin(180 — 15) = sin 180 cos 15 — cos 180 sin 15
sin 165° = (0)(cos 15) — (—1)(sin 15)

=sin15

sin 15 = sin(45 — 30)
sin(A—B) =sinAcosB —cosAsinB

sin(45 — 30) = sin45 cos 30 — cos 45 sin 30

sin15° = (\/_15) (?) _ (%) G)
1+/3
2V2

V62
4
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A and B are acute angles. cos A = % andsinB = g Work out the value of each of the

following, without using a calculator.

We know cos A = %, we need sin 4 and tan A. We know sin B = g, we need cos B and tan B.
By Pythagoras: By Pythagoras:
Ao 5 _a inB = 3 0
cosA = 3-7 sinB = c=7
h? = 0% + a? 13 12 h? = 0% + a? 5 3
132 = 0% + 52 52 =32 4 g2
V169 —25 =0 V25—-9=a
12=o0 5 4=a 4
. 0 0 a 0
smAzﬁ tan4d = — cosB =— tanB = —
a h a
12 1 4 3
sin4 = — A== B =— - =
13 tan z cos z tan B 2
. 12 12 4
(a) sinAd = P (b) tanA = - (c) cosB = 5
(d) tanB ="> (e) sin(A—B) (f) cos(A—B)
=sinAcosB —cos AsinB = cosAcosB +sinAsinB
12\ (4 51\ /3 5\ (4 12\ (3
=3E-306 =3E+H0EG
33 _4_ 9
65 13 25
_ 56
65
i = i 2tan A
(g) tan(A+ B) (h) sin2A = 2sinAcosA () tan24 = T
_ tan A+ tan B =2(£)(i) an
" 1-tanAtanB 13713 Z(E)
12 3 =120 = : 2
__3 e
136
5 /\4 _ _120
_ e 119
16
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= Work out the value of each of the

V13’
following, without using a calculator. Where appropriate, give your answer in surd form.

3. AandB are acute angles. sin4 = i—j andcosB =

3 .
We know sin A = %, we need cos 4 and tan A. We know cos B = NeEL we need sin B and tan B.
By Pythagoras: By Pythagoras:
,A_15_o cosB——3 _2
SA=17h Vi3 h
h? = 0% + a? 17 h? = 0% + a? V13 9
172 = 15% 4+ a® 15 (V13)2 = 0% + 32
V172 - 152 =q Vi3—-9=o0
8=a 8 2=0 3
a 0
CoOsA = — tanA:g sinB =— tamB=2
h a h a
8 15 2 2
A=— — > i - _z
cos 17 tan4 = 3 sinB B tanB = 3
(a) sin(A+ B) (b) cos2A = cos? A —sin? A (c) tan(A-—B)
=sinAcosB + cos Asin B =(£)2_(1_5)2 _ tanA-—tanB
15\ [ 3 8 2 17 17 1+ tanAtanB
=3B+ 3 E) _ _ 169 152
=— . =—"mn
i3 1+(3)6)
= 61V13 29
221 = a

4. tanX = g,where 0° < X < 90°. Evaluate, without evaluating X.

2tan X 1—tan?Xx 2tan X

_ - - c) tan2X =
1+ tan? X (b) cos2X 1+ tan2 X (c) 1-tan? X

1- (3)2 _ 2(3) _
1-(5)

(a) sin2X =

= ﬁ _ 7 = — E
25 =73 7
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. 1 3
Giventhattan 6 = > show that tan 20 = "

EINSTITUTESE
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d) tan20 — 2tan @
(d) tan26 = 1-tanZ 6
1
_ 2(3)
= 2
1-(3)

=3

T4
If cos 8 = + work out the value of cos 26, without evaluating 6.

3’

cos 20 = cos? 0 — sin? 6

-

-3

2

We know cos 8 = i, we need sin 4.
V3
By Pythagoras:
p 1 a
cosf =—=-—
V3 h
h? = 0? + a? V3 >
(\/5)2 — 02 + 12
V3-1=o0
V2=o0 1
; _—
sinf = o
sinf = 2
3
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7.

tanA = 4 and tan(4 + B) = 5, where 0° < A < 90°and 0° < B < 90°.

Work out the value of tan B.

EINSTITUTESE
EDUCATION

¢ (A+B) tanA + tanB
an =
1-tanAtanB

4 + tan B
" 1-4tanB
Lettan B = x:

4+ x
T 1-4x

5(1—-4x)=4+x

5—-20x=4+x
1=21x
1
— =X

21
Swap back: tanB = %

8. tanA=2andtan(A+ B) = 3,where0° < A < %and 0°<B< g
Work out the value of tan B.

¢ (A +B) tanA + tanB
an =
1-tanAtan B

2+ tanB
" 1-2tanB

Lettan B = x:
_2+x
T 1-2x
3(1-2x)=2+x
3—6x=2+x
1="7x
1
-=X

7
Swap back: tanB = %
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9. Aand B are acute angles such thattan B = %and tan(A — B) = 2. Without evaluating A or

B, work out the value of: (a) tanA (b) cos 2A.
tanA —tanB 1-tanZ4
(a) tan(A — B) = Tt tanAtanB (b) cos24=—"——
an AtanB 1+ tan2 4
tan A —% 1—(7)?
2=—""71 =
1 1+(7)?
1+ tan A(3)
24
Lettan A = x: . ~ T3
X—=3 (3
7256
_ 3x -1
C 3+4x

2B3+x)=3x—-1
6+2x=3x—-1
7=x
Swap back: tand =7

10. Ifsin2A4 = 1—§ and 0° < 4 < 90°. Find two possible values of tan A, without evaluating A.

. 2tanA
sin24 =
1+ tanZ A
15 _ 2tanA
17 1+ tanZA
Letx = tan A:
15 2
17 1+x2

15(1 + x?) = 17(2x)
15 + 15x2 = 34x
15x% —34x+15=0
(Bx—=5)(5x—-3)=0

X = x—3
3’ 5

Swap back:

5 3
tanA ==,tan A4 = -
3 5
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11. Ifsin2X = % and 0° < X < 90°. Find two possible values of tan X, without evaluating X.

2tan X
1+ tan? X
24  2tanX
25 1+tan?X

sin2X =

Letx = tan X:
24 2X

25 1+x2
24(1 + x%) = 25(2x)
24 + 24x? = 50x
24x2 —50x+24=10
12x2 —25x+12 =10
(Bx—4)4x—-3)=0

3
X==, x=-
3 4

Swap back:

tanX = i,tanX =3
3 4

12. Ifcos 2B = % and0° < B < g Find the value of cos B, without evaluating B.

cos?B = %(1 + cos 2B)

cos’B =%(1+E)

25
cos?B ==
26

cosB =+ %

N
[e)}

|n

cosB =+ But0° < B < gand cosine is positive in quadrant 1 (acute angles), so:

2

o)

cosB =

g
o)}
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13. Ifcos 20 = % and 0° < 60 < % Find the value of cos 8, without evaluating 6.

cos2 @ =2 (1 + cos 26)
2
2g -1 z
cos“ 6 —2(1+25)
cos2g =28
25

16
cosf =+ |—
25

4 . . . .
cosf = ig But0° < 8 < %and cosine is positive in quadrant 1 (acute angles), so:

4
cosf =-
5

Unauthorised publication, distribution © Stepha nie Mull lga n. HL LC Maths.

or reproduction of these notes is prohibited.




Exercise 2
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Write each of the following as a sum or difference of two trigonometric functions.

1. 2sinb5xcos3x

2sinA cos B = sin(4 + B) + sin(4A — B)
2 sin 5x cos 3x = sin(5x + 3x) + sin(5x — 3x)
= sin 8x + sin 2x

2. 2cos7ycosy

2cosAcosB = cos(A+ B) + cos(A — B)
2cos7ycosy = cos(7y +y) + cos(7y — y)
= cos 8y + cos 6y

3. 2cos606cos?20

2cosAcosB = cos(4 + B) + cos(A — B)
2 cos 60 cos 20 = cos(60 + 26) + cos(66 — 20)
= cos 86 + cos 460

4., —2sin5AsinA

2sinAsinB = cos(A — B) — cos(A + B)
—2sin5AsinA = —[cos(54 — A) — cos(54 + A)]
= —[cos 4A — cos 64]
= cos 64 — cos 4A

5. cosxsin6x

2cosAsinB = sin(A + B) — sin(4 — B)
cosx sin 6x = %[sin(x + 6x) — sin(x — 6x)]

= %[sin 7x — sin(—5x)]

= %[sin 7x + sin 5x] \

sin(—A) = —sin4

Formulae and Tables Book, p.13

6. cos5BsinB

2cosAsinB = sin(4 + B) — sin(A — B)
cos5BsinB = %[sin(SB + B) —sin(5B — B)]
=~ [sin 6B — sin 45]

Write each of the following as a product of two trigonometric functions.

7. sin6x + sin2x

. . . A+B A-B
sin4d +sinB =2 sin——cos—~
6Xx—2X

2

6x+2x

sin 6x + sin 2x = 2sin

= 2sin4x cos2x

8. c0s1068 — cos 40

cosA +cosB = -2 COSA%BCOSA%B
cos 108 + cos 46 = —2 cos 1092+49 1092_49
= —2cos 76 cos 30
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9. sin7y —sin3y

: . A+B . A-B
sinA —sinB = 2 cos——sin—
: ) 7y+3y . 7y-3
sin7y —sin3y = 2cos¥sm¥
= 2cos5ysin2y

10. cos 2x + cos 6x

A+B A-B
cosA + cosB = 2COSTCOST

2x+6x 2x—6x

2

cos 2x + cos 6x = 2 cos

= 2 cos 4x cos(—2x)

= 2 cos4x cos 2x \

cos(—A) = cosA

Formulae and Tables Book, p.13

11. sin4A — sin12A

. . A+B . A-B
sind —sinB = ZCOSTSIHT

4A-12A
2

= 2 cos 84 sin(—44)

= —2cos8Asin4A \

sin4A — sin 124 = 2 cos 2A*124 o

sin(—A) = —sin4

Formulae and Tables Book, p.13

12. cos 3x + cos 9x

A+B A—-B
cosA + cosB = 2COSTCOST

3x+9x 3x—9x

cos 3x + cos9x = 2 cos

= 2 cos 6x cos(—3x)

= 2 cos 6x cos 3x \

cos(—A) = cos A

Formulae and Tables Book, p.13

Find the exact value of each of the following, without using a calculator.

13. cos 75° — cos 15°

. A+B . A-B
cosA —cosB = -2 sin——sin—-
75°+15° . 75°—15°

si

2
= —2sin45°sin 30°

-2

cos 75° — cos 15° = —2sin

14. 2sin 60°sin 120°

2sinAsin B = cos(A — B) — cos(4 + B)
2sin 60° cos 120°
= cos(60° — 120°) — cos(60° + 120°)
= cos(—60°) — cos 180°
= cos(—60°) — cos 180°
cos60° — (—1)
1
= E +1

N[ W
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15. sin225° — sin 15°  SKIP THIS ONE. Too long.

. . A+B . A-B

sin4d —sinB =2 cos ——sin—-

225°415° . 225°-15°
si

2

sin 25° — sin 15° = 2 cos

= 2c0s120°sin105°

= 2(—cos 60°) sin 105°
1\ . o

=2 (— E) sin 105

= —sin105°

sin(A + B) = sinA cos B + cosAsin B
sin(60° + 45°) = sin 60° cos 45° + cos 60° sin 45°

i =(2))+€)()
_ V341
=55

V6+v2
4

—sin105° = — \/81-\/5

16. 2 cos 120° cos 60°

2cosAcosB = cos(A + B) + cos(A — B)
2 c0s120°cos 60°
= cos(120° + 60°) + cos(120° — 60°)
= cos 180° + cos 60°
1
=—1+-
1

2
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17. 2sin 45°sin 15°

2sinAsinB = cos(A — B) — cos(A + B)
2sin45°cos 15°
= cos(45° — 15°) — cos(45° + 15°)
= cos30° — cos 60°

_ Vi1
T2 2
V3-1

2

18. cos 37.5°sin 37.5° SKIP THIS ONE. Too long.

2cosAsinB = sin(A + B) —sin(4 — B)
cos 37.5°sin 37.5°
=~ [sin(37.5° + 37.5°) — sin(37.5° — 37.5°)]
= % [sin 75° — sin 0 °]
=~ [sin75° — 0]

1 .
=5 sin 75°

sin(A + B) = sinAcosB + cosAsinB
sin(30° + 45°) = sin 30° cos 45° + cos 30°sin 45°

sn7s=(3) () + () ()
_1+V3
T 2V2
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Exercise 3

1. Provethattan @ cos @ = sin6.

tan @ cosf = sin 0
(sin@

P 9) cosf =sinf

sinf@ = sin @
v True

2. Provethat (cos A+ sinA)? = sin2A + 1.

(cosA +sind)? =sin24+1
cos? A+ 2cosAsinA +sin? A =sin24+ 1
2cosAsinA+1=sin24+1
2cosAsinA = sin 24
sin24 =sin24 v True

3. Provethatsin2x = 2sinxcos x.

sin(A + B) = sinAcosB + cosAsinB
sin(x + x) = sinx cosx + cosx sinx
sin2x = 2sinxcosx v True

4. Provethat (sin + cos 8)% + (sin @ — cos )% = 2.

(sin@ + cos 6)? +(SiN@ =¢€0s0)% = 2
sin? @ + 2 sin 6 cos 6 + cos? O + SN2 @ =250 cosH Fcos%0 = 2
2sin? 6 + 2cos?0 =2
2 (sin? 0 + cos?0) =2
2(1)=2 v True

sin 260

5. Provethattan =————.
cos260+1

sin 26
cos260 +1
2sin6 cos@
~ cos26 —sin26 +1
2sin6 cos 6
cos?0 — (1 —cos?20)+1
2sin@ cos@
cos?6 —1+cos?26+1
2sinf cos @
~ 2cos?6

sin @

tan@ =

" cos@
=tanf v True

Unauthorised publication, distribution © Ste pha nie Mull lga n. HL LC Maths.
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6. Provethatsin(A + B) + sin(A — B) = 2sinAcos B.

sin(A + B) + sin(A — B) = 2sinAcos B
sinAcosB + cosAsinB + sinAcosB —cosAsinB = 2sinAcosB
2sinAcosB = 2sinAcosB v True

7. Prove that:

(a) cos2x = cos? x — sin? x.

cos(A + B) = cosAcosB —sinAsinB
cos(x + x) = cosx cos x — sinx sinx
cos2x = cos?x —sin?x v True

(b) Deduce that cos 2x = 2 cos? x — 1.

From (a): cos2x = cos?x — sin® x
= cos?x — (1 — cos? x)
cos?x — 1+ cos?x

=2cos?x—1 v True

(c) Hence, show that cos? x = %(1 + cos 2x).

From (b): cos2x = 2cos?x — 1
cos2x +1 = 2cos?x

%(cos 2x +1) =cos?x v True

sin30+sin 6
cos36+cos6’

8. Provethattan 20 =

tan29=w sinA+sinB=ZSinA%BcosA%B
cos 360 + cosf oo oo
2 sin 260 cos sin30 + sin@ = 2 sin> 2+ cong_
2 cos 26 cos 0 = 2sin 26 cos @
sin 20 A+B A-B
~ cos 26 cosA+cosB = 2COSTCOST
=tan26 v True cos 30 + cos 8 = 2cos 39;9 cosg
= 2 cos 260 cos O
Unauthorised publication, distribution © Stephanie Mulligan. HL LC Maths.
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sinx—sin3x
9. Provethatcot2x =——.
cos3x—cosx

sinx — sin 3x

. . A+B . A-B
cot2x = —— "7 sinA —sin B = 2 cos ——sin——
cos3x — cosx 5 ,
. . x+3x . x—-3x
—2cos2xsinx sinx — sin3x = 2 cos S sin—

—2sin2x sinx = 2 cos 2x sin(—x)
__cos 2x

= — = —2cos2xsinx
sin 2x

=cot2x Vv True

. A+B . A-B
cosA —cosB = —ZSlnTsmT

. 3x+x . 3x—x
cos 3x — cosx = —2sin S sin—

= —2sin2xsinx

10. Prove that 4 sin x cos? x = sin 3x + sin x.

- — g . . . AtB __A-B
4 sinx cos x (cosx) = 2 sin 2x cos x sinA +sin B = 2 sin—-cos—-

. . . 3x+x 3x—x
sin3x + sinx = 2sin cos

. . 2 2
2sinx cosx = sin 2x

Divide both sides by 2 cos x:

) = 2sin2x cosx
sin 2x

sin2x v True

2tan A
1+tan2A’

s

14 (Sndy’

11. Prove thatsin 24 =

2sin A

CosA (cos2 A>
sin?A |\ cos?2A
1+ cos? A
2sinAcosA

cos? A +sin2 A

B 2sinAcosA

1

= 2sinAcosA

=sin24 Vv True
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12. Prove that cos 360 = 4 cos3® 0 — 3 cos 6.

cos 360 = 4cos30 — 3 cos O cos(A+ B) = cos AcosB —sinAsinB
cos(20 + 6) = cos 20 cos 8 — sin 260 sin 6
cos 30 = (cos? 0 — sin?0) cos @ — (2sin 6 cosB) sin O

= cos3 0 —sin? B cosH — 2sin? H cos O
= cos3 6 — 3sin? O cos
= cos30 —3cosO (1 — cos?H)
=cos®6 —3cosh + 3cos30
=4cos30 —3cosf v True

4 1 1
sin224  cos2A  sin2A’

13. Show that

& 1 1
sin22A  cos? A + sin? A
4 sin? A + cos? A
(sin24)? ~ sinZAcos?A
4 1
(2sinAcosA)?  sin? Acos? A
4 1
4sin2 Acos2 A sin? Acos? A
1 1
sinZAcos?A  sinZAcos?A
v' True

Unauthorised publication, distribution © Ste pha nie Mull lga n. HL LC Maths.
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ins .
14. (a) Show that SE2XXSIX 4o 3y,
cos 5x+cosx

sin 5x + sinx

. . . A+B A-B
tan3x = ——M — sinA + sin B = 2sin ——cos—
cos 5x + cos x
. . . 5x+x 5x—x
2sin3x cos 2x sin5x + sinx = 2 sin 2 cos >

2 cos 3x cos2x = 2sin3x cos 2x

_ s 3x A+ B = 2003218 cos A8
oS 3x cos cos B = 2c0s ——cos—
=tan3x Vv True 5x+x 5x—x

cos 5x + cosx = 2cos >

= 2cos3xcos2x

(b) Hence, solve sinSxtsinx _ 1,for (i) 0<x < 360°

cos 5x+cos x

(i) x € R. (Find the general solution for x.)

sin 5x+sinx

From (a): tan3x = pr——
tan3x =1
tanR =1
R = 45°

(i) 0 <x <360°
0 < 3x <1080°. 3 full turns. 6 solutions.

3x = 45°,225°405°,585°,765°,945°
L — O ) L —
N\

+360 +3¢o

x = 15°,75°135°195°,255° 315°
(ii) x € R. General solution.
3x = 45° + 360°n, 225° + 360°n

x =15°+120°n,75° 4+ 120°n
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  ∟


  ∟


  ∟


  ∟


  ∟


    s i n ⁡  75 ° =   s i n ⁡  ( 30 + 45 )


    s i n ⁡  ( A + B ) =   s i n ⁡  A   c o s ⁡  B +   c o s ⁡  A   s i n ⁡  B


    s i n ⁡  ( 30 + 45 ) =   s i n ⁡ 30   c o s ⁡ 45 +   c o s ⁡ 30   s i n ⁡ 45


    s i n ⁡  75 ° =


   (  1 2 )  (  1   2 ) +  (    3 2 )  (  1   2 )


  =


    1 +  3  2  2


  =


     6 +  2 4


    c o s ⁡  105 ° = c o s ⁡ ( 60 + 45 )


   cos ⁡  ( A + B ) =  cos ⁡  A  cos ⁡  B −  sin ⁡  A  sin ⁡  B


   cos ⁡  ( 60 + 45 ) =  cos ⁡ 60  cos ⁡ 45 −  sin ⁡ 60  sin ⁡ 45


   cos ⁡  105 ° =


   (  1 2 )  (  1   2 ) −  (    3 2 )  (  1   2 )


  =


    1 −  3  2  2


  =


     2 −  6 4


    t a n ⁡  75 ° = t a n ⁡ ( 45 + 30 )


    t a n ⁡  ( A + B ) =


      t a n ⁡  A +     t a n ⁡  B  1 −     t a n ⁡  A   t a n ⁡  B


    t a n ⁡  ( 45 + 30 ) =


      t a n ⁡ 45 +     t a n ⁡ 30  1 −     t a n ⁡ 45   t a n ⁡ 30


    t a n ⁡  15 ° =


    1 +    1   3  1 − 1  (  1   3 )


  =


   (   1 +    1   3  1 − 1  (  1   3 ) )  (    3   3 )


  =


     3 + 1   3 − 1


  = 2 +  3


    c o s ⁡  15 ° =   c o s ⁡  ( 60 − 45 )


   cos ⁡  ( A − B ) =  cos ⁡  A  cos ⁡  B +  sin ⁡  A  sin ⁡  B


   cos ⁡  ( 60 − 45 ) =  cos ⁡ 60  cos ⁡ 45 +  sin ⁡ 60  sin ⁡ 45


   cos ⁡  15 ° =


   (  1 2 )  (  1   2 ) +  (    3 2 )  (  1   2 )


  =


    1 +  3  2  2


  =


     6 +  2 4


    t a n ⁡  105 °


    t a n ⁡  ( A + B ) =


      t a n ⁡  A +     t a n ⁡  B  1 −     t a n ⁡  A   t a n ⁡  B


    t a n ⁡  ( 60 + 45 ) =


      t a n ⁡ 60 +     t a n ⁡ 45  1 −     t a n ⁡ 60   t a n ⁡ 45


    t a n ⁡  105 ° =


     3 +   1  1 −  3  ( 1 )


  =


     3 + 1  1 −  3


  = − 2 −  3


    s i n ⁡  165 °


    s i n ⁡  ( A − B ) =   s i n ⁡  A   c o s ⁡  B −   c o s ⁡  A   s i n ⁡  B


    s i n ⁡  ( 180 − 15 ) =   s i n ⁡ 180   c o s ⁡ 15 −   c o s ⁡ 180   s i n ⁡ 15


    s i n ⁡  165 ° =


   ( 0 )  (   c o s ⁡ 15 ) −  ( − 1 )  (   s i n ⁡ 15 )


  =  sin ⁡ 15


   sin ⁡ 15 =  sin ⁡ ( 45 − 30 )


    s i n ⁡  ( A − B ) =   s i n ⁡  A   c o s ⁡  B −   c o s ⁡  A   s i n ⁡  B


    s i n ⁡  ( 45 − 30 ) =   s i n ⁡ 45   c o s ⁡ 30 −   c o s ⁡ 45   s i n ⁡ 30


    s i n ⁡  15 ° =


   (  1   2 )  (    3 2 ) −  (  1   2 )  (  1 2 )


  =


    1 +  3  2  2


  =


     6 −  2 4


  A


  B


    c o s ⁡  A =  5 13


    s i n ⁡  B =  3 5


   cos ⁡  A =  5 13


   sin ⁡  A


   tan ⁡  A


   cos ⁡  A =  5 13 =   a h


  13


   h 2 =   o 2 +   a 2


  12


   13 2 =   o 2 +  5 2


  A


  5


   169 − 25 = o


  12 = o


   sin ⁡  B =  3 5


   cos ⁡  B


   tan ⁡  B


   sin ⁡  B =  3 5 =   o h


  5


   h 2 =   o 2 +   a 2


  3


   5 2 =  3 2 +   a 2


  B


  4


   25 − 9 = a


  4 = a


   sin ⁡  A =   o h


   sin ⁡  A =  12 13


   sin ⁡  A =  12 13


   tan ⁡  A =   o  a


   tan ⁡  A =  12 5


   tan ⁡  A =  12 5


   cos ⁡  B =   a h


   cos ⁡  B =  4 5


   cos ⁡  B =  4 5


   tan ⁡  B =   o  a


   tan ⁡  B =  3 4


   tan ⁡  B =  3 4


   sin ⁡  A =  12 13


   tan ⁡  A =  12 5


   cos ⁡  B =  4 5


   tan ⁡  B =  3 4


    s i n ⁡  ( A − B )


  =   s i n ⁡  A   c o s ⁡  B −   c o s ⁡  A   s i n ⁡  B


  =   s i n ⁡  A   c o s ⁡  B −   c o s ⁡  A   s i n ⁡  B


  =  (  12 13 )  (  4 5 ) −  (  5 13 )  (  3 5 )


  =  33 65


    c o s ⁡  ( A − B )


  =  cos ⁡  A  cos ⁡  B +  sin ⁡  A  sin ⁡  B


  =  (  5 13 )  (  4 5 ) +  (  12 13 )  (  3 5 )


  =  4 13 −  9 25


  =  56 65


    t a n ⁡  ( A + B )


  =


      t a n ⁡  A +     t a n ⁡  B  1 −     t a n ⁡  A   t a n ⁡  B


  =


     12 5 +    3 4  1 −  (  12 5 )  (  3 4 )


  = −  63 16


   sin ⁡  2 A = 2  sin ⁡  A  cos ⁡  A


  = 2  (  12 13 )  (  5 13 )


  =  120 169


    t a n ⁡  2 A =


    2  tan ⁡  A  1 −      tan 2 ⁡  A


  =


    2  (  12 5 )  1 −    (  12 5 ) 2


  = −  120 119


  A


  B


    s i n ⁡  A =  15 17


    c o s ⁡  B =  3   13


   sin ⁡  A =  5 17


   cos ⁡  A


   tan ⁡  A


   sin ⁡  A =  15 17 =   o h


  17


   h 2 =   o 2 +   a 2


  15


   17 2 =  15 2 +   a 2


  A


  8


    17 2 −  15 2 = a


  8 = a


   cos ⁡  B =  3   13


   sin ⁡  B


   tan ⁡  B


   cos ⁡  B =  3   13 =   a h


   13


   h 2 =   o 2 +   a 2


  2


    (  13   ) 2 =   o 2 +  3 2


  B


  3


       13 − 9 = o


  2 = o


   cos ⁡  A =   a h


   cos ⁡  A =  8 17


   cos ⁡  A =  8 17


   tan ⁡  A =   o  a


   tan ⁡  A =  15 8


   tan ⁡  A =  15 8


   sin ⁡  B =   o h


   sin ⁡  B =  2   13


   sin ⁡  B =  2   13


   tan ⁡  B =   o  a


   tan ⁡  B =  2 3


   tan ⁡  B =  2 3


   sin ⁡  ( A + B )


  =  sin ⁡  A  cos ⁡  B +  cos ⁡  A  sin ⁡  B


  =  (  15 17 )  (  3   13 ) +  (  8 17 )  (  2   13 )


  =  61  17  13


  =   61  13 221


   cos ⁡  2 A =    cos 2 ⁡  A −    sin 2 ⁡  A


  =    (  8 17 ) 2 −    (  15 17 ) 2


  = −  169 289


   tan ⁡  ( A − B )


  =


     tan ⁡  A   −    tan ⁡  B  1   +    tan ⁡  A  tan ⁡  B


  =


     15 8   −    2 3  1   +  (  15 8 )  (  2 3 )


  =  29 54


    t a n ⁡  X =  4 3


  0 ° < X < 90 °


  X


   sin ⁡  2 X =


    2  tan ⁡  X  1 +      tan 2 ⁡  X


  =


    2  (  4 3 )  1 +    (  4 3 ) 2


  =  24 25


   cos ⁡  2 X =


    1 −      tan 2 ⁡  X  1 +      tan 2 ⁡  X


  =


    1 −      (  4 3 ) 2  1 +      (  4 3 ) 2


  = −  7 25


   tan ⁡  2 X =


    2  tan ⁡  X  1 −      tan 2 ⁡  X


  =


    2  (  4 3 )  1 −      (  4 3 ) 2


  = −  24 7


    t a n ⁡  𝜃 =  1 3


    t a n ⁡  2 𝜃 =  3 4


   tan ⁡  2 𝜃 =


    2  tan ⁡  𝜃  1 −      tan 2 ⁡  𝜃


  =


    2  (  1 3 )  1 −      (  1 3 ) 2


  =  3 4


    c o s ⁡  𝜃 =  1   3


    c o s ⁡  2 𝜃


  𝜃


   cos ⁡  2 𝜃 =    cos 2 ⁡  𝜃 −    sin 2 ⁡  𝜃


  =    (  1   3 ) 2 −    (    2   3 ) 2


  = −  1 3


   cos ⁡  𝜃 =  1   3


   sin ⁡  𝜃


   cos ⁡  𝜃 =  1   3 =   a h


   3


   h 2 =   o 2 +   a 2


   2


    (  3   ) 2 =   o 2 +  1 2


  𝜃


  1


       3 − 1 = o


   2 = o


   sin ⁡  𝜃 =   o h


   sin ⁡  𝜃 =    2   3


    t a n ⁡  A = 4


    t a n ⁡  ( A + B ) = 5


  0 ° < A < 90 °


  0 ° < B < 90 °


    t a n ⁡  B .


   tan ⁡  ( A + B ) =


     tan ⁡  A   +    tan ⁡  B  1 −    tan ⁡  A  tan ⁡  B


  5 =


      4   +   tan ⁡  B    1 −     4   tan ⁡  B


   tan ⁡  B = x


  5 =


    4   +   x  1 −   4 x


  5  ( 1 − 4 x ) = 4 + x


  5 − 20 x = 4 + x


  1 = 21 x


   1 21 = x


   tan ⁡  B =  1 21


    t a n ⁡  A = 2


    t a n ⁡  ( A + B ) = 3


  0 ° < A <   𝜋 2


  0 ° < B <   𝜋 2


    t a n ⁡  B .


   tan ⁡  ( A + B ) =


     tan ⁡  A   +    tan ⁡  B  1 −    tan ⁡  A  tan ⁡  B


  3 =


      2   +   tan ⁡  B    1 −     2   tan ⁡  B


   tan ⁡  B = x


  3 =


    2   +   x  1 −   2 x


  3  ( 1 − 2 x ) = 2 + x


  3 − 6 x = 2 + x


  1 = 7 x


   1 7 = x


   tan ⁡  B =  1 7


  A


  B


    t a n ⁡  B =  1 3


    t a n ⁡  ( A − B ) = 2


  A


  B


    t a n ⁡  A


    c o s ⁡  2 A


   tan ⁡  ( A − B ) =


     tan ⁡  A   −    tan ⁡  B  1   +    tan ⁡  A  tan ⁡  B


  2 =


     tan ⁡  A   −    1 3  1   +    tan ⁡  A  (  1 3 )


   tan ⁡  A = x


  2 =


    x   −    1 3  1   +   x  (  1 3 )  (  3 3 )


  2 =


    3 x   −   1  3   +   x


  2  ( 3 + x ) = 3 x − 1


  6 + 2 x = 3 x − 1


  7 = x


   tan ⁡  A = 7


   cos ⁡  2 A =


    1 −      tan 2 ⁡  A  1 +      tan 2 ⁡  A


  =


    1 −    ( 7 ) 2  1 +    ( 7 ) 2


  = −  24 25


    s i n ⁡  2 A =  15 17


  0 ° < A < 90 °


    t a n ⁡  A


  A


   sin ⁡  2 A =


    2  tan ⁡  A  1 +      tan 2 ⁡  A


   15 17 =   2  tan ⁡  A  1 +      tan 2 ⁡  A


  x =  tan ⁡  A


   15 17 =   2 x  1 +   x 2


  15  ( 1 +   x 2 ) = 17 ( 2 x )


  15 + 15   x 2 = 34 x


  15   x 2 − 34 x + 15 = 0


   ( 3 x − 5 )  ( 5 x − 3 ) = 0


  x =  5 3   ,       x =  3 5


   tan ⁡  A =  5 3 ,    tan ⁡  A =  3 5


    s i n ⁡  2 X =  24 25


  0 ° < X < 90 °


    t a n ⁡  X


  X


   sin ⁡  2 X =


    2  tan ⁡  X  1 +      tan 2 ⁡  X


   24 25 =   2  tan ⁡  X  1 +      tan 2 ⁡  X


  x =  tan ⁡  X


   24 25 =   2 x  1 +   x 2


  24  ( 1 +   x 2 ) = 25 ( 2 x )


  24 + 24   x 2 = 50 x


  24   x 2 − 50 x + 24 = 0


  12   x 2 − 25 x + 12 = 0


   ( 3 x − 4 )  ( 4 x − 3 ) = 0


  x =  4 3   ,       x =  3 4


   tan ⁡  X =  4 3 ,    tan ⁡  X =  3 4


    c o s ⁡  2 B =  12 13


  0 ° < B <   𝜋 2


    c o s ⁡  B


  B


     cos 2 ⁡  B =  1 2 ( 1 +  cos ⁡  2 B )


     cos 2 ⁡  B =  1 2  ( 1 +  12 13 )


     cos 2 ⁡  B =  25 26


   cos ⁡  B = ±   25 26


   cos ⁡  B = ±  5   26


  0 ° < B <   𝜋 2


   cos ⁡  B =  5   26


    c o s ⁡  2 𝜃 =  7 25


  0 ° < 𝜃 <   𝜋 2


    c o s ⁡  𝜃


  𝜃


     cos 2 ⁡  𝜃 =  1 2 ( 1 +  cos ⁡  2 𝜃 )


     cos 2 ⁡  𝜃 =  1 2  ( 1 +  7 25 )


     cos 2 ⁡  𝜃 =  16 25


   cos ⁡  𝜃 = ±   16 25


   cos ⁡  𝜃 = ±  4 5


  0 ° < 𝜃 <   𝜋 2


   cos ⁡  𝜃 =  4 5


  2   s i n ⁡  5 x   c o s ⁡  3 x


  2  sin ⁡  A  cos ⁡  B =  sin ⁡   ( A + B ) +  sin ⁡  ( A − B )


  2  sin ⁡  5 x  cos ⁡  3 x =  sin ⁡   ( 5 x + 3 x ) +  sin ⁡   ( 5 x − 3 x )


  =  sin ⁡  8 x +  sin ⁡  2 x


  2   c o s ⁡  7 y   c o s ⁡  y


  2  cos ⁡  A  cos ⁡  B =  cos ⁡   ( A + B ) +  cos ⁡  ( A − B )


  2  cos ⁡  7 y  cos ⁡  y =  cos ⁡   ( 7 y + y ) +  cos ⁡   ( 7 y − y )


  =  cos ⁡  8 y +  cos ⁡  6 y


  2   c o s ⁡  6 𝜃   c o s ⁡  2 𝜃


  2  cos ⁡  A  cos ⁡  B =  cos ⁡   ( A + B ) +  cos ⁡  ( A − B )


  2  cos ⁡  6 𝜃  cos ⁡  2 𝜃 =  cos ⁡   ( 6 𝜃 + 2 𝜃 ) +  cos ⁡   ( 6 𝜃 − 2 𝜃 )


  =  cos ⁡  8 𝜃 +  cos ⁡  4 𝜃


  − 2   s i n ⁡  5 A   s i n ⁡  A


  2  sin ⁡  A  sin ⁡  B =  cos ⁡   ( A − B ) −  cos ⁡   ( A + B )


  − 2  sin ⁡  5 A  sin ⁡  A = −  [  cos ⁡   ( 5 A − A ) −  cos ⁡   ( 5 A + A ) ]


  = −  [  cos ⁡  4 A −  cos ⁡  6 A ]


  =  cos ⁡  6 A −  cos ⁡  4 A


    c o s ⁡  x   s i n ⁡  6 x


  2  cos ⁡  A  sin ⁡  B =  sin ⁡   ( A + B ) −  sin ⁡  ( A − B )


   cos ⁡  x  sin ⁡  6 x =  1 2  [  sin ⁡   ( x + 6 x ) −  sin ⁡   ( x − 6 x ) ]


  =  1 2  [  sin ⁡  7 x −  sin ⁡   ( − 5 x ) ]


  =  1 2  [  sin ⁡  7 x +  sin ⁡  5 x ]


    𝐬 𝐢 𝐧 ⁡  ( − 𝑨 ) =   − 𝐬 𝐢 𝐧 ⁡  𝑨


    c o s ⁡  5 B   s i n ⁡  B


  2  cos ⁡  A  sin ⁡  B =  sin ⁡   ( A + B ) −  sin ⁡  ( A − B )


   cos ⁡  5 B  sin ⁡  B =  1 2  [  sin ⁡   ( 5 B + B ) −  sin ⁡   ( 5 B − B ) ]


  =  1 2  [  sin ⁡  6 B −  sin ⁡  4 B ]


    s i n ⁡  6 x +   s i n ⁡  2 x


   sin ⁡  A +  sin ⁡  B = 2  sin ⁡    A + B 2  cos ⁡    A − B 2


   sin ⁡  6 x +  sin ⁡  2 x = 2  sin ⁡    6 x + 2 x 2  cos ⁡    6 x − 2 x 2


  = 2  sin ⁡  4 x  cos ⁡  2 x


    c o s ⁡  10 𝜃 −   c o s ⁡  4 𝜃


   cos ⁡  A +  cos ⁡  B = − 2  cos ⁡    A + B 2  cos ⁡    A − B 2


   cos ⁡  10 𝜃 +  cos ⁡  4 𝜃 = − 2  cos ⁡    10 𝜃 + 4 𝜃 2  cos ⁡    10 𝜃 − 4 𝜃 2


  = − 2  cos ⁡  7 𝜃  cos ⁡  3 𝜃


    s i n ⁡  7 y −   s i n ⁡  3 y


   sin ⁡  A −  sin ⁡  B = 2  cos ⁡    A + B 2  sin ⁡    A − B 2


   sin ⁡  7 y −  sin ⁡  3 y = 2  cos ⁡    7 y + 3 y 2  sin ⁡    7 y − 3 y 2


  = 2  cos ⁡  5 y  sin ⁡  2 y


    c o s ⁡  2 x +   c o s ⁡  6 x


   cos ⁡  A +  cos ⁡  B = 2  cos ⁡    A + B 2  cos ⁡    A − B 2


   cos ⁡  2 x +  cos ⁡  6 x = 2  cos ⁡    2 x + 6 x 2  cos ⁡    2 x − 6 x 2


  = 2  cos ⁡  4 x  cos ⁡  ( − 2 x )


  = 2  cos ⁡  4 x  cos ⁡  2 x


    𝐜 𝐨 𝐬 ⁡  ( − 𝑨 ) =   𝐜 𝐨 𝐬 ⁡  𝑨


    s i n ⁡  4 A −   s i n ⁡  12 A


   sin ⁡  A −  sin ⁡  B = 2  cos ⁡    A + B 2  sin ⁡    A − B 2


   sin ⁡  4 A −  sin ⁡  12 A = 2  cos ⁡    4 A + 12 A 2  sin ⁡    4 A − 12 A 2


  = 2  cos ⁡  8 A  sin ⁡   ( − 4 A )


  = − 2  cos ⁡  8 A  sin ⁡  4 A


    𝐬 𝐢 𝐧 ⁡  ( − 𝑨 ) =   − 𝐬 𝐢 𝐧 ⁡  𝑨


    c o s ⁡  3 x +   c o s ⁡  9 x


   cos ⁡  A +  cos ⁡  B = 2  cos ⁡    A + B 2  cos ⁡    A − B 2


   cos ⁡  3 x +  cos ⁡  9 x = 2  cos ⁡    3 x + 9 x 2  cos ⁡    3 x − 9 x 2


  = 2  cos ⁡  6 x  cos ⁡  ( − 3 x )


  = 2  cos ⁡  6 x  cos ⁡  3 x


    𝐜 𝐨 𝐬 ⁡  ( − 𝑨 ) =   𝐜 𝐨 𝐬 ⁡  𝑨


    c o s ⁡  75 ° −   c o s ⁡  15 °


   cos ⁡  A −  cos ⁡  B = − 2  sin ⁡    A + B 2  sin ⁡    A − B 2


   cos ⁡  75 ° −  cos ⁡  15 ° = − 2  sin ⁡    75 ° + 15 ° 2  sin ⁡    75 ° − 15 ° 2


  = − 2  sin ⁡  45 °  sin ⁡  30 °


  = − 2  (  1   2 )  (  1 2 )


  = −  1   2


  = −    2 2


  2   s i n ⁡  60 °   s i n ⁡  120 °


  2  sin ⁡  A  sin ⁡  B =  cos ⁡   ( A − B ) −  cos ⁡  ( A + B )


  2  sin ⁡  60 °  cos ⁡  120 °


  =  cos ⁡   ( 60 ° − 120 ° ) −  cos ⁡   ( 60 ° + 120 ° )


  =  cos ⁡  ( − 60 ° ) −  cos ⁡  180 °


  =  cos ⁡  ( − 60 ° ) −  cos ⁡  180 °


  =  cos ⁡  60 ° − ( − 1 )


  =  1 2 + 1


  =  3 2


    s i n ⁡  225 ° −   s i n ⁡  15 °


   sin ⁡  A −  sin ⁡  B = 2  cos ⁡    A + B 2  sin ⁡    A − B 2


   sin ⁡  25 ° −  sin ⁡  15 ° = 2  cos ⁡    225 ° + 15 ° 2  sin ⁡    225 ° − 15 ° 2


  = 2  cos ⁡  120 °  sin ⁡  105 °


  = 2 ( −  cos ⁡  60 ° )  sin ⁡  105 °


  = 2  ( −  1 2 )  sin ⁡  105 °


  = −  sin ⁡  105 °


   sin ⁡   ( A + B ) =  sin ⁡  A  cos ⁡  B +  cos ⁡  A  sin ⁡  B


   sin ⁡   ( 60 ° + 45 ° ) =  sin ⁡  60 °  cos ⁡  45 ° +  cos ⁡  60 °  sin ⁡  45 °


   sin ⁡  105 ° =


   (    3 2 )  (  1   2 ) +  (  1 2 )  (  1   2 )


  =


     3 + 1  2  2


  =


     6 +  2 4


  −  sin ⁡  105 ° = −    6 +  2 4


  2   c o s ⁡  120 °   c o s ⁡  60 °


  2  cos ⁡  A  cos ⁡  B =  cos ⁡   ( A + B ) +  cos ⁡  ( A − B )


  2  cos ⁡  120 °  cos ⁡  60 °


  =  cos ⁡   ( 120 ° + 60 ° ) +  cos ⁡   ( 120 ° − 60 ° )


  =  cos ⁡  180 ° +  cos ⁡  60 °


  = − 1 +  1 2


  = −  1 2


    2 s i n ⁡  45 °   s i n ⁡  15 °


  2  sin ⁡  A  sin ⁡  B =  cos ⁡   ( A − B ) −  cos ⁡  ( A + B )


  2  sin ⁡  45 °  cos ⁡  15 °


  =  cos ⁡   ( 45 ° − 15 ° ) −  cos ⁡   ( 45 ° + 15 ° )


  =  cos ⁡ 30 ° −  cos ⁡  60 °


  =    3 2 −  1 2


  =    3 − 1 2


    c o s ⁡  37 . 5 °   s i n ⁡  37 . 5 °


  2  cos ⁡  A  sin ⁡  B =  sin ⁡   ( A + B ) −  sin ⁡  ( A − B )


   cos ⁡  37 . 5 °  sin ⁡  37 . 5 °


  =  1 2  [  sin ⁡   ( 37 . 5 ° + 37 . 5 ° ) −  sin ⁡   ( 37 . 5 ° − 37 . 5 ° ) ]


  =  1 2  [  sin ⁡  75 ° −  sin ⁡ 0 ° ]


  =  1 2  [  sin ⁡  75 ° − 0 ]


  =  1 2  sin ⁡  75 °


   sin ⁡   ( A + B ) =  sin ⁡  A  cos ⁡  B +  cos ⁡  A  sin ⁡  B


   sin ⁡   ( 30 ° + 45 ° ) =  sin ⁡  30 °  cos ⁡  45 ° +  cos ⁡  30 °  sin ⁡  45 °


   sin ⁡  75 ° =


   (  1 2 )  (  1   2 ) +  (    3 2 )  (  1   2 )


  =


    1 +  3  2  2


  =


     6 +  2 4


   1 2  sin ⁡  75 ° =  1 2  (    6 +  2 4 )


  =    6 +  2 8


    t a n ⁡  𝜃   c o s ⁡  𝜃 =   s i n ⁡  𝜃


   tan ⁡  𝜃  cos ⁡  𝜃 =  sin ⁡  𝜃


   (    sin ⁡  𝜃   cos ⁡  𝜃 )  cos ⁡  𝜃 =  sin ⁡  𝜃        


   (    sin ⁡  𝜃   cos ⁡  𝜃 )  cos ⁡  𝜃 =  sin ⁡  𝜃        


                         sin ⁡  𝜃 =  sin ⁡  𝜃


                         sin ⁡  𝜃 =  sin ⁡  𝜃


     (   c o s ⁡  A +   s i n ⁡  A ) 2 =   s i n ⁡  2 A + 1


     (  cos ⁡  A +  sin ⁡  A ) 2 =  sin ⁡  2 A + 1


     cos 2 ⁡  A + 2  cos ⁡  A  sin ⁡  A +    sin 2 ⁡  A =  sin ⁡  2 A + 1


  2  cos ⁡  A  sin ⁡  A + 1 =  sin ⁡  2 A + 1


  2  cos ⁡  A  sin ⁡  A =  sin ⁡  2 A


   sin ⁡  2 A =  sin ⁡  2 A


    s i n ⁡  2 x = 2   s i n ⁡  x   c o s ⁡  x


   sin ⁡   ( A + B ) =  sin ⁡  A  cos ⁡  B +  cos ⁡  A  sin ⁡  B


   sin ⁡   ( x + x ) =  sin ⁡  x  cos ⁡  x +  cos ⁡  x  sin ⁡  x


   sin ⁡  2 x = 2  sin ⁡  x  cos ⁡  x


     (   s i n ⁡  𝜃 +   c o s ⁡  𝜃 ) 2 +    (   s i n ⁡  𝜃 −   c o s ⁡  𝜃 ) 2 = 2


     (  sin ⁡  𝜃 +  cos ⁡  𝜃 ) 2


  +    (  sin ⁡  𝜃 −  cos ⁡  𝜃 ) 2 = 2


     sin 2 ⁡  𝜃 + 2  sin ⁡  𝜃  cos ⁡  𝜃 +    cos 2 ⁡  𝜃


  +    sin 2 ⁡  𝜃 − 2  sin ⁡  𝜃  cos ⁡  𝜃 +    cos 2 ⁡  𝜃 = 2


      2 sin 2 ⁡  𝜃 + 2    cos 2 ⁡  𝜃 = 2


  2   (  sin 2 ⁡  𝜃 +    cos 2 ⁡  𝜃 ) = 2


  2  ( 1 ) = 2


    t a n ⁡  𝜃 =


      s i n ⁡  2 𝜃    c o s ⁡  2 𝜃 + 1


   tan ⁡  𝜃 =    sin ⁡  2 𝜃   cos ⁡  2 𝜃 + 1                                                      


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 −    sin 2 ⁡  𝜃 + 1                      


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 −    sin 2 ⁡  𝜃 + 1                      


                          =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 −     ( 1 − cos 2 ⁡  𝜃 ) + 1


                          =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 −     ( 1 − cos 2 ⁡  𝜃 ) + 1


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 − 1 +    cos 2 ⁡  𝜃 + 1      


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃     cos 2 ⁡  𝜃 − 1 +    cos 2 ⁡  𝜃 + 1      


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃  2    cos 2 ⁡  𝜃                                                    


                        =   2  sin ⁡  𝜃  cos ⁡  𝜃  2    cos 2 ⁡  𝜃                                                    


                        =    sin ⁡  𝜃   cos ⁡  𝜃                                                                            


                        =    sin ⁡  𝜃   cos ⁡  𝜃                                                                            


  =  tan ⁡  𝜃


    s i n ⁡  ( A + B ) +   s i n ⁡  ( A − B ) = 2   s i n ⁡  A   c o s ⁡  B


   sin ⁡  ( A + B ) +  sin ⁡  ( A − B ) = 2  sin ⁡  A  cos ⁡  B


   sin ⁡  A  cos ⁡  B +  cos ⁡  A  sin ⁡  B +  sin ⁡  A  cos ⁡  B −  cos ⁡  A  sin ⁡  B = 2  sin ⁡  A  cos ⁡  B


  2  sin ⁡  A  cos ⁡  B = 2  sin ⁡  A  cos ⁡  B


    c o s ⁡  2 x =     c o s 2 ⁡  x −     s i n 2 ⁡  x


   cos ⁡  ( A + B ) =  cos ⁡  A  cos ⁡  B −  sin ⁡  A  sin ⁡  B


   cos ⁡   ( x + x ) =  cos ⁡  x  cos ⁡  x −  sin ⁡  x  sin ⁡  x


   cos ⁡  2 x =    cos 2 ⁡  x −    sin 2 ⁡  x


    c o s ⁡  2 x = 2     c o s 2 ⁡  x − 1


   cos ⁡  2 x =    cos 2 ⁡  x −    sin 2 ⁡  x


  =    cos 2 ⁡  x − ( 1 −    cos 2 ⁡  x )


  =    cos 2 ⁡  x − 1 +    cos 2 ⁡  x


  = 2    cos 2 ⁡  x − 1


      c o s 2 ⁡  x =  1 2 ( 1 +   c o s ⁡  2 x )


   cos ⁡  2 x = 2    cos 2 ⁡  x − 1


   cos ⁡  2 x + 1 = 2    cos 2 ⁡  x


   1 2  (  cos ⁡  2 x + 1 ) =    cos 2 ⁡  x


    t a n ⁡  2 𝜃 =


      s i n ⁡  3 𝜃 +   s i n ⁡  𝜃    c o s ⁡  3 𝜃 +   c o s ⁡  𝜃


   tan ⁡  2 𝜃 =    sin ⁡  3 𝜃 +  sin ⁡  𝜃   cos ⁡  3 𝜃 +  cos ⁡  𝜃


                          =   2  sin ⁡  2 𝜃  cos ⁡  𝜃  2  cos ⁡  2 𝜃  cos ⁡  𝜃


                          =   2  sin ⁡  2 𝜃  cos ⁡  𝜃  2  cos ⁡  2 𝜃  cos ⁡  𝜃


  =    sin ⁡  2 𝜃   cos ⁡  2 𝜃  


  =    sin ⁡  2 𝜃   cos ⁡  2 𝜃  


  =  tan ⁡  2 𝜃


   sin ⁡  A +  sin ⁡  B = 2  sin ⁡    A + B 2  cos ⁡    A − B 2


   sin ⁡  3 𝜃 +  sin ⁡  𝜃 = 2  sin ⁡    3 𝜃 + 𝜃 2  cos ⁡    3 𝜃 − 𝜃 2


  = 2  sin ⁡  2 𝜃  cos ⁡  𝜃


   cos ⁡  A +  cos ⁡  B =   2 cos ⁡    A + B 2  cos ⁡    A − B 2


   cos ⁡  3 𝜃 +  cos ⁡  𝜃 =   2 cos ⁡    3 𝜃 + 𝜃 2  cos ⁡    3 𝜃 − 𝜃 2


  = 2  cos ⁡  2 𝜃  cos ⁡  𝜃


    c o t ⁡  2 x =


      s i n ⁡  x −   s i n ⁡  3 x    c o s ⁡  3 x −   c o s ⁡  x


   cot ⁡  2 x =    sin ⁡  x −  sin ⁡  3 x   cos ⁡  3 x −  cos ⁡  x


                          =   − 2  cos ⁡  2 x  sin ⁡  x  − 2  sin ⁡  2 x  sin ⁡  x


                          =   − 2  cos ⁡  2 x  sin ⁡  x  − 2  sin ⁡  2 x  sin ⁡  x


  =    cos ⁡  2 x   sin ⁡  2 x  


  =    cos ⁡  2 x   sin ⁡  2 x  


  =  cot ⁡  2 x


   sin ⁡  A −  sin ⁡  B = 2  cos ⁡    A + B 2  sin ⁡    A − B 2


   sin ⁡  x −  sin ⁡  3 x = 2  cos ⁡    x + 3 x 2  sin ⁡    x − 3 x 2


  = 2  cos ⁡  2 x  sin ⁡   ( − x )


  = − 2  cos ⁡  2 x  sin ⁡  x


   cos ⁡  A −  cos ⁡  B =   − 2 sin ⁡    A + B 2  sin ⁡    A − B 2


   cos ⁡  3 x −  cos ⁡  x =   − 2 sin ⁡    3 x + x 2  sin ⁡    3 x − x 2


  = − 2  sin ⁡  2 x  sin ⁡  x


  4   s i n ⁡  x     c o s 2 ⁡  x =   s i n ⁡  3 x +   s i n ⁡  x


  4  sin ⁡  x  cos ⁡  x  (  cos ⁡  x ) = 2  sin ⁡  2 x  cos ⁡  x


  2  cos ⁡  x


  2  sin ⁡  x  cos ⁡  x =  sin ⁡  2 x


   sin ⁡  2 x =  sin ⁡  2 x


   sin ⁡  A +  sin ⁡  B = 2  sin ⁡    A + B 2  cos ⁡    A − B 2


   sin ⁡  3 x +  sin ⁡  x = 2  sin ⁡    3 x + x 2  cos ⁡    3 x − x 2


  = 2  sin ⁡  2 x  cos ⁡  x


    s i n ⁡  2 A =


    2   t a n ⁡  A  1 +     t a n 2 ⁡  A


   sin ⁡  2 A =   2  (    sin ⁡  A   cos ⁡  A )  1 +    (    sin ⁡  A   cos ⁡  A ) 2                                                                  


  =  (       2 sin ⁡  A   cos ⁡  A  1 +      sin 2 ⁡  A     cos 2 ⁡  A )  (      cos 2 ⁡  A     cos 2 ⁡  A )


  =  (       2 sin ⁡  A   cos ⁡  A  1 +      sin 2 ⁡  A     cos 2 ⁡  A )  (      cos 2 ⁡  A     cos 2 ⁡  A )


  =   2  sin ⁡  A  cos ⁡  A     cos 2 ⁡  A +    sin 2 ⁡  A                                


  =   2  sin ⁡  A  cos ⁡  A     cos 2 ⁡  A +    sin 2 ⁡  A                                


  =   2  sin ⁡  A  cos ⁡  A 1                                          


  =   2  sin ⁡  A  cos ⁡  A 1                                          


  = 2  sin ⁡  A  cos ⁡  A


  =  sin ⁡  2 A


    c o s ⁡  3 𝜃 = 4     c o s 3 ⁡  𝜃 − 3   c o s ⁡  𝜃


   cos ⁡  3 𝜃 = 4    cos 3 ⁡  𝜃 − 3  cos ⁡  𝜃


   cos ⁡   ( A + B ) =  cos ⁡  A  cos ⁡  B −  sin ⁡  A  sin ⁡  B


   cos ⁡   ( 2 𝜃 + 𝜃 ) =  cos ⁡  2 𝜃  cos ⁡  𝜃 −  sin ⁡  2 𝜃  sin ⁡  𝜃


   cos ⁡  3 𝜃 =  (    cos 2 ⁡  𝜃 −    sin 2 ⁡  𝜃 )  cos ⁡  𝜃 −  ( 2  sin ⁡  𝜃  cos ⁡  𝜃 )  sin ⁡  𝜃


  =    cos 3 ⁡  𝜃 −    sin 2 ⁡  𝜃  cos ⁡  𝜃 − 2    sin 2 ⁡  𝜃  cos ⁡  𝜃


  =    cos 3 ⁡  𝜃 −   3  sin 2 ⁡  𝜃  cos ⁡  𝜃


  =    cos 3 ⁡  𝜃 − 3  cos ⁡  𝜃 ( 1 −    cos 2 ⁡  𝜃 )


  =    cos 3 ⁡  𝜃 − 3  cos ⁡  𝜃 + 3    cos 3 ⁡  𝜃


  = 4    cos 3 ⁡  𝜃 − 3  cos ⁡  𝜃


   4      s i n 2 ⁡  2 A =  1      c o s 2 ⁡  A +  1      s i n 2 ⁡  A


   4     sin 2 ⁡  2 A =  1     cos 2 ⁡  A +  1     sin 2 ⁡  A


   4     (  sin ⁡  2 A ) 2 =      sin 2 ⁡  A +    cos 2 ⁡  A     sin 2 ⁡  A    cos 2 ⁡  A


   4     (  sin ⁡  2 A ) 2 =      sin 2 ⁡  A +    cos 2 ⁡  A     sin 2 ⁡  A    cos 2 ⁡  A


   4     ( 2  sin ⁡  A  cos ⁡  A ) 2 =  1     sin 2 ⁡  A    cos 2 ⁡  A


   4     ( 2  sin ⁡  A  cos ⁡  A ) 2 =  1     sin 2 ⁡  A    cos 2 ⁡  A


   4  4    sin 2 ⁡  A    cos 2 ⁡  A =  1     sin 2 ⁡  A    cos 2 ⁡  A


   4  4    sin 2 ⁡  A    cos 2 ⁡  A =  1     sin 2 ⁡  A    cos 2 ⁡  A


   1     sin 2 ⁡  A    cos 2 ⁡  A =  1     sin 2 ⁡  A    cos 2 ⁡  A


   1     sin 2 ⁡  A    cos 2 ⁡  A =  1     sin 2 ⁡  A    cos 2 ⁡  A


      s i n ⁡  5 x   +     s i n ⁡  x    c o s ⁡  5 x +   c o s ⁡  x


  =   t a n ⁡  3 x


   tan ⁡  3 x =    sin ⁡  5 x +  sin ⁡  x   cos ⁡  5 x +  cos ⁡  x


                          =   2  sin ⁡  3 x  cos ⁡  2 x  2  cos ⁡  3 x  cos ⁡  2 x


                          =   2  sin ⁡  3 x  cos ⁡  2 x  2  cos ⁡  3 x  cos ⁡  2 x


  =    sin ⁡  3 x   cos ⁡  3 x  


  =    sin ⁡  3 x   cos ⁡  3 x  


  =  tan ⁡  3 x


   sin ⁡  A +  sin ⁡  B = 2  sin ⁡    A + B 2  cos ⁡    A − B 2


   sin ⁡  5 x +  sin ⁡  x = 2  sin ⁡    5 x + x 2  cos ⁡    5 x − x 2


  = 2  sin ⁡  3 x  cos ⁡  2 x


   cos ⁡  A +  cos ⁡  B =   2 cos ⁡    A + B 2  cos ⁡    A − B 2


   cos ⁡  5 x +  cos ⁡  x =   2 cos ⁡    5 x + x 2  cos ⁡    5 x − x 2


  = 2  cos ⁡  3 x  cos ⁡  2 x


      s i n ⁡  5 x   +     s i n ⁡  x    c o s ⁡  5 x +   c o s ⁡  x


  = 1


  0 ≤ x ≤ 360 °


  x ∈ ℝ


  x


   tan ⁡  3 x =    sin ⁡  5 x +  sin ⁡  x   cos ⁡  5 x +  cos ⁡  x


   tan ⁡  3 x = 1


   tan ⁡  R = 1


  R = 45 °


  0 ≤ x ≤ 360 °


  0 ≤ 3 x ≤ 1080 °


  3 x = 45 ° ,   225 ° ,   405 ° ,   585 ° ,   765 ° ,   945 °


  x = 15 ° ,   75 ° ,   135 ° ,   195 ° ,   255 ° ,   315 °


  x ∈ ℝ


  3 x = 45 ° + 360 ° n ,   225 ° + 360 ° n


  x = 15 ° + 120 ° n ,   75 ° + 120 ° n

